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This work deals with braneworld scenarios obtained from N real scalar fields, whose dynamics is
generalized to include higher order power in the derivative of the fields. For the scalar fields being
driven by nonstandard dynamics, we show how a first-order formalism can be obtained for flat brane
in the presence of several fields. We then illustrate our findings investigating distinct potentials with
one and two fields, obtaining stable standard and compact solutions in the braneworld theory. In
particular, we have found different models describing the very same warp factor.
PACS numbers: 11.27.+d, 11.10.Kk
I. INTRODUCTION
In the braneworld scenario with a single extra dimen-
sion of infinite extent, the braneworld consists in a do-
main wall embedded in the higher dimensional bulk. The
defect represents the three-dimensional universe and, for
more than one decade, distinct braneworld scenarios have
been studied. In this environment, relevant issues which
can be nicely discussed are, for instance, the gauge hier-
archy and the cosmological constant problems [1–4].
Although the original work [3] does not include scalar
fields, models with one or more scalar fields coupled to
gravity have been used to describe thick branes [5]. The
spacetime around the brane can be five-dimensional anti-
de Sitter (AdS5) and, when the geometry inside the brane
is Minkowski, it is called flat brane. However, in the case
of four-dimensional anti-de Sitter (AdS4) or de-Sitter
(dS4) geometry, we have a bent brane, which requires
a nonvanishing cosmological constant. In this work we
focus mainly on flat branes, thus we will only consider
the case of vanishing cosmological constant.
The main features of these branes depend not only on
the way the scalar fields couple to gravity, but also on how
they self-interact and interact among themselves. There
are many studies which focus on standard dynamics, with
the scalar fields interacting via the respective potential.
The topological structures that arises from the scalar field
constitutes a brane and, in this case, the main features
of the brane only depend on the parameters introduced
in the potential.
In recent years, however, one has studied different
models, for which the dynamics is generalized to include
higher order power on the derivative of the fields. These
models were inspired by Cosmology, focusing mainly on
dark energy [6–8]. Other studies have been introduced
recently [9–15]. In Ref. [9], for instance, one has found
global defect structures: kinks, global vortices and global
monopolos. In Ref. [10], some important aspects of
kinks have been investigated, among them the conditions
for the preservation of linear stability. Furthermore, in
Ref. [11] it was shown how the generalized models can
support a first-order framework. As an interesting result,
the generalized models may also support topological so-
lutions with finite wavelength, being of compact nature
[16]. In contrast with the standard kink, compactons only
support massive states bounded to it [10, 11, 17, 18]. An-
other interesting result appears in the recent work [19],
where one identifies the thick brane splitting caused by
the spacetime torsion.
In this work, we focus on the flat brane scenario, with
gravity being described standardly, but with the scalar
fields being driven by nonstandard kinetic terms. The
main aim is to introduce the first-order framework for
several distinct scalar fields. For pedagogical reasons, we
organize the work as follow. In Sec. II we study general-
ized models describing flat branes in a five-dimensional
bulk where the gravity is coupled with N scalar fields.
In Sec. III we focus on specific models, to illustrate how
the main results work for one and two real scalar fields,
with their corresponding solutions. We then move on to
investigate stability in Sec. IV, and we conclude the work
in Sec. V with some comments and conclusions.
II. GENERALIZED BRANEWORLD MODELS
The models that we investigate describe five-
dimensional gravity coupled to a set of N scalar fields
{φ1, φ2, . . . , φN}. They are driven by the following ac-
tion
S =
∫
d4xdy
√
|g|
(
−1
4
R+ L(φi, Xij)
)
, (1)
where i, j = 1, 2, . . . , N . Here we are using 4piG(5) = 1
and g = det(gab), for a, b = 0, 1, ..., 4. We also define the
quantities Xij as
Xij =
1
2
∇φi∇φj , (2)
which are symmetric by construction. The line element
for the five-dimensional spacetime can be written as
ds25 = gabdx
adxb = e2Ads24 − dy2. (3)
2Note that the four-dimensional spacetime is flat, so it has
the following line element
ds24 = dt
2 − dx21 − dx22 − dx23. (4)
The function A = A(y) controls the warp factor e2A. If
the function A(y) be even, the brane is symmetric.
For the above metric, the Einstein equations are Gab =
2Tab, with the energy-momentum tensor having the form
Tab = ∇aφi∇bφjLXij − gabL. (5)
The equations of motion for the scalar fields are given by
∇a
(LXij∇aφj) = Lφi , (6)
or more explicitly
Gabij ∇a∇bφj + 2XjlLXijφl − Lφi = 0, (7)
where Gab has the form
Gabij = LXijgab + LXilXjm∇aφl∇bφm. (8)
Here we are using the notation: LXij = ∂L/∂Xij and
Lφi = ∂L/∂φi, etc.
As usual, we suppose that the scalar fields are static,
and also, it only depends on the extra dimension. There-
fore, we have A = A(y) and φi = φi(y) and the N equa-
tions of motion for scalar fields reduce to
(LXij+2LXilXjmXlm)φ′′j−2XjlLXijφl+Lφi=−4LXijφ′jA′,
(9)
where prime denote derivative with respect to the extra
dimension and Xij = −φ′iφ′j/2.
An important characteristic of the brane, the energy
density
ρ = T00 = −e2A(y)L, (10)
can be found explicitly, for the models to be investigated
below.
We take the standard case as
L = X − V (φi), (11)
where
X = hij(φl)Xij , (12)
with hij(φl) being a symmetric matrix that represents
the metric on the scalar target space [20].
In the case of flat brane we get the Eisntein equations
A′′ =
4
3
XijLXij , (13a)
A′2 =
1
3
(L− 2XijLXij ) . (13b)
The second equation is the null energy condition. This
impose that the brane pressure is aways positive. Thus,
the scalar fields model must obey the condition L −
2XijLXij > 0. If we now multiply each one of the equa-
tions in (9) by the corresponding φi and add them, we
get
(L − 2XijLXij )′ = 8A′XijLXij . (14)
If we substitute the Eq. (13b) above, we recover Eq.
(13a). Therefore, the equations (13) are not independent
from each other. Also, we recall that (14) can be obtained
from the Bianchi identity ∇aGab = 0.
We choose the derivative of the warp factor with re-
spect to the extra dimension to be a function of the N
scalar fields, in the form
A′ = −1
3
W (φi), (15)
where W = W (φi) is a function of the N scalar fields φi.
Substituting this into (13a), we can write
Wφiφ
′
i = 2φ
′
iφ
′
jLXij . (16)
A possible set of solutions for this equation is
φ′jLXij =
1
2
Wφi (17a)
which is the same equation that appears in the absence
of gravity [11]. Note that the equation (13b) leads to the
constraint
L − 2XijLXij =
1
3
W 2 (17b)
Using the above N +1 equations (17), we can show that
the derivative of the fields can be expressed in terms of
the fields themselves, that is,
φ′i = φ
′
i(φj). (18)
It is not difficult to show that for fields that obey the con-
straint (17b), the equations (18) solve the second-order
equations (9) and (13a). Also, we can write the energy
density as
ρ = e2A(y)
[
1
2
dW
dy
− 1
3
W 2
]
. (19)
In this paper, we focus attention on models described
by L = L(φi, X), with X defined by Eq. (12). In this
case, we can rewrite the equations (17) in the form
φ′iLX =
1
2
h−1ij (φl)Wφj (20a)
L − 2XLX = 1
3
W 2 (20b)
where h−1ij hjl = δil. We can use Eq. (20a) to write
XL2X = −
1
8
h−1ij (φl)WφiWφj (21)
which is a very useful expression, to be used in the cal-
culations that follow below.
3As an illustration, let us consider the standard case
given by Eq. (11). We use the Eq (20a) to obtain the set
of first order equations
φ′i =
1
2
h−1ij (φl)Wφj . (22a)
We then use Eq. (21) to write X = − 18h−1ij (φl)WφiWφj .
Now, substituting this equation into Eq. (20b), we find
the potential
V (φi) =
1
8
h−1ij (φi)WφiWφj −
1
3
W 2. (22b)
We note that this is one of the results of Refs. [20].
As a second example, let us introduce the kinematically
modified case for N fields, given by
L = 2
n−1
n
X |X |n−1 − V, (23)
where n = 1, 2, 3, .... This generalizes the model with one
field, introduced in Ref. [17]. The first-order equations
are
φ′i =
1
2
h−1ij (φl)Wφj
[
1
4
hks(φl)WφkWφs
] 1−n
2n−1
. (24a)
We use the Eq. (21) in order to obtain the relation:
22n+1X |X |2(n−1) = −h−1ij (φl)WφiWφj . With this and
the Eq. (20b), we can write the potential
V (φi) =
2n− 1
2n
(
1
4
h−1ij (φl)WφiWφj
) n
2n−1
− 1
3
W 2.(24b)
Comparing this expression with Eq. (22b) for the po-
tential of the standard case, we see that only the Wφi
portion of the potential is changed. There is a simple
reason for this: the W portion of the potential is the
geometric contribution, and the gravity portion of the
model remains unchanged.
III. SPECIFIC MODELS
Let us now consider explicit examples of scalar field
models, described by one and by two real scalar fields.
A. One-field models
Let us first study models described by a single scalar
field. Here, however, we change the standard strategy,
fixing the profile of the solution and then finding the
respective W . For a single field, the equation (24a) and
the potential (22b) change to
φ′ =
(
1
2
Wφ
) 1
2n−1
, (25a)
V (φ) =
2n− 1
2n
(
1
2
Wφ
) 2n
2n−1
− 1
3
W 2, (25b)
with h = 1, evidently. For Wφ 6= 0, the warp factor can
be expressed in the form
A(φ(y)) = −1
3
∫
dφ
(
2
W φ
) 1
2n−1
W, (26)
and the energy density as
ρ(φ(y)) =
[(
Wφ
2
) 2N
2n−1
− 1
3
W 2
]
e2A(y). (27)
We choose the kink solution
φ(y) = tanh(y). (28)
In the absence of gravity, this is the well known solution
of the φ4 model, with spontaneous symmetry breaking.
From the solution, using the Eq. (25a), we can recon-
struct W (φ). In this case, we get to
W (φ) = 2
∫
dφ (1 − φ2)2n−1,
= 2φ× 2F1
(
1
2
,−2n+ 1; 3
2
; φ2
)
. (29)
This hipergeometric function 2F1 is a polynomial with
degree 4n− 1. For example, we can write explicitly
W (φ) = 2φ− 2
3
φ3, (30a)
W (φ) = 2φ− 2φ3 + 6
5
φ5 − 2
7
φ7, (30b)
for n = 1 and n = 2, respectively. Using the Eq. (25b),
we can write the following potentials
V (φ) =
1
2
(
1− φ2)2 − 4
3
(
φ− 1
3
φ3
)2
, (31a)
V (φ) =
3
4
(
1− φ2)4 − 4
3
(
φ−φ3+3
5
φ5− 1
7
φ7
)2
,(31b)
for n = 1 and n = 2, respectively. In general, the poten-
tial is a polynomial with degree 8n−2. The potential has
five local extrema: φ0, being the central extremum, is a
local maximum at φ0 = 0, where V (φ0) = (2n− 1)/(2n)
is always a positive constant. Two other local extrema
are local minima: they are φ± = ±1, with
V (φ±) = −pi
3
(
Γ(2n)
Γ(2n+ 12 )
)2
, (32)
which is negative. There are two other local maxima.
The behavior of the potential around the central max-
imum is shown in Fig. 1. Moreover, we can note that
V (φ → ±∞) → −∞; thus, although it is not shown in
the respective figures, the potentials go asymptotically to
−∞.
4FIG. 1: Profile of the potential V (φ) given by Eq. (25b),
for W (φ) as in Eq. (29), for n = 1 (solid line) and for n =
2, 3, 4, 5, 6, 7, 8 (dashed lines).
Despite having the same solution, these models have
other distinct characteristics, as the warp function and
the energy density. The warp functions are
A(y) =
4
9
lnS +
S2
9
− 1
9
, (33a)
A(y) =
32
105
lnS +
S2
105
+
S4
35
+
S6
63
− 38
315
, (33b)
for n = 1 and n = 2, respectvely, where S = sech(y).
Here we fix A(0) = 0. In Fig. 2 we depict the warp func-
tion for some values of n. We note that the warp factor
e2A decays slower for bigger n. This can be verified from
the behavior of the warp factor far outside the brane:
A∞(y) → −W (φ+)
3
|y| = −
√
pi
3
Γ(2n)
Γ(2n+ 12 )
|y|. (34)
The ratio between the Gamma functions goes to zero for
increasing n.
FIG. 2: Profile of the warp factor e2A(y), for n = 1 (solid line)
and for n = 2, 3, 4, 5, 6, 7, 8 (dashed lines).
The energy densities also depend on n. For n = 1 and
2, the expressions are
ρ(y) = h1(y) exp
(
2S
9
)
, (35)
ρ(y) = h2(y) exp
(
16S
105
+
2S4
35
+
2S6
63
)
, (36)
where
h1(y) =
S
8
9
27e
2
9
[
4S6 + 39S4 − 16] . (37)
h2(y) =
S
32
105
3675e
76
315
[
100S14 + 140S12 + 224S10
+4235S8 − 1024
]
. (38)
In the Fig. 3 we depict the profile of the energy density
for some values of n.
FIG. 3: Profile of the energy density ρ(y) , for n = 1 (solid
line) and n = 2, 3, 4, 5, 6, 7, 8 (dashed lines).
Another possibility is to take the one field model that
support compact solution. We choose the specific form
φ(y) =
{
sgn(y) for |y| > pi2
sin(y) for |y| ≤ pi2
(39)
This solution obeys the first order equation φ′ =√
|1− φ2|. Thus, using the Eq. (25a), we can reconstruct
W (φ) as
W (φ) = 2
∫
dφ (
√
|1− φ2|)2N−1 (40)
= 2φ× 2F1
(
1
2
,−N + 1
2
;
3
2
; φ2
)
A(φ) +B(φ)
where
A(φ) =
{
(−1)N i, for φ2 > 1
1, for φ2 ≤ 1
B(φ) =

sgn(φ)(1−i(−1)
N)
√
pi Γ(N+1/2)
Γ(N + 1)
for φ2 > 1
0, for φ2 ≤ 1
5For example, we write explicitly
W (φ) =
{
g1(φ) + sgn(φ)
(
arccosh(|φ|) − pi
2
)
forφ2 > 1
g1(φ) + arcsin(φ) forφ
2 ≤ 1
W (φ) =


g2(φ) +
3sgn(φ)
4
(arccosh(|φ|) + 2pi) forφ2 > 1
−g2(φ) + 3
4
arcsin(φ) forφ2 ≤ 1
where
g1(φ) = φ
√
|1− φ2| (41)
g2(φ) = −1
2
φ
√
|1− φ2|
(
5
2
− φ2
)
, (42)
for n = 1 and for n = 2, respectively. The potential have
three local extrema: one maximum φ0, at φ0 = 0, where
V (φ0) = (2n−1)/(2n) is always a positive constant. The
two other are local minima, at φ± = ±1, with
V (φ±) = −pi
3
(
Γ(n+ 12 )
Γ(n+ 1)
)2
, (43)
with negative value. The behavior of the φ0 and φ± as a
function on n is shown in Fig. 4. Moreover, we can note
that V (φ→ ±∞)→ −∞.
FIG. 4: Profile of the potential V (φ) (25b) for W (φ) given
by Eq. (41), for n = 1 (solid line) and for n = 2, 3, 4, 5, 6, 7, 8
(dashed lines).
The warp function can be written as
A(y) =


−pi
6
|y|+ pi
2 − 4
24
for |y| > pi2
−y
2
6
− sin
2(y)
6
for |y| ≤ pi2
A(y) =


−pi
8
|y| − 16− 3pi
2
96
for |y| > pi2
−y
2
8
− 5
24
sin2(y) +
1
24
sin4(y) for |y| ≤ pi2
for n = 1 and for n = 2, respectively. We fix A(0) = 0.
Note that for |y| > pi/2, the behavior of the warp factor is
similar to the case of a thin brane. This happens because
the scalar field is compact, so it is at a local minimum of
the potential for |y| > pi/2. In the Fig. (5), we plot the
profile of warp factor for some values of n.
FIG. 5: Profile of the warp factor e2A(y), for n = 1 (solid
line) and for n = 2, 3, 4, 5, 6, 7, 8 (dashed lines). The shadow
portion represents the region where the field is not constant
(|y| < pi/2).
Similar behavior is also found for the corresponding
energy densities,
ρ(y) =

−
pi2
12
e−
pi
3 |y|+
pi2−4
12 for |y| > pi2
f1(y)e
−y
2
3 −
sin2(y)
3 for |y| ≤ pi2
ρ(y) =

−
3pi2
64
e−
pi
4 |y|−
1
3+
pi2
16 for |y| > pi2
f2(y)e
− y
2
4 −
5
12 sin
2(y)+ 112 sin
4(y) for |y| ≤ pi2
where
f1(y) = 1− y
2
3
+
y
3
sin(2y)− 4
3
sin2(y) +
1
3
sin4(y)
f2(y) =
1
2
− 3y
2
16
− y
8
(
5
2
− sin2(y)
)
sin(2y)− 23
48
sin2(y)
− 7
16
sin4(y) +
1
2
sin6(y)− 1
12
sin8(y)
for n = 1 and for n = 2, respectively.
Before closing this section, let us study the interest-
ing case where two distinct models lead to the very same
warp function A(y). The issue here is motivated by re-
cent investigations on twinlike models, which are different
models supporting the very same defect structure [21].
The idea is to construct two distinct models, support-
ing different defect structures, but giving rise to the very
same warp factor. Using the Eq. (13b), we have
A′′ = −2
3
φ′2n (44)
which can be related via two distance models, with dif-
ferent values of n (say, n1 and n2). If we impose that the
warp factor is the same, we get that φ′1
n1 = φ′2
n2 . We
illustrate this choosing n1 = 1 and n2 = 2 and the warp
6FIG. 6: Profile of the energy density ρ(y), for n = 1 (solid
line) and for n = 2, 3, 4, 5, 6, 7, 8 (dashed lines). The shadow
portion represents the region where the scalar field is not con-
stant (|y| < pi/2).
function (33a). In this case, for the first model, with
n1 = 1, we get the solution given by Eq. (28), where
φ′1 = sech
2(y). On the other hand, for the second model,
with n2 = 2 we get φ
′
2 = sech(y), and the respective so-
lution φ2(y) = arcsinh(tanh(x)). Now, it is not hard to
see that this solutions can be obtained with
W (φ) =
3
2
sin(φ) +
1
6
sin(3φ). (45)
This ends the calculation. In particular, we note that
our focus on the construction of the model from the de-
fect structure the scalar field engenders, is crucial to im-
plement the above issue, that allows obtaining different
models that support the very same warp factor.
B. Two-field models
Let us now consider models described by two real scalar
fields. We use the model (23) with n = 2. In the case
of one-field models, we compared models with distinct n.
Here, however, we compare two possible solutions for the
same n.
Taking φ1 = φ and φ2 = χ, we can write
L = X |X | − V (φ, χ), (46)
and assuming that hij = δij we obtain
X = −1
2
φ′2 − 1
2
χ′2. (47)
Equation (20a) allows us to write
φ′|X | = 1
4
Wφ(φ, χ) and χ
′|X | = 1
4
Wχ(φ, χ). (48)
We use these equations to write
φ′2 + χ′2 =
(
1
4
W 2φ +
1
4
W 2χ
) 1
3
. (49)
Eq. (20b) can be used to write the potential as
V (φ, χ) =
3
4
(
1
4
W 2φ +
1
4
W 2χ
) 2
3
− 1
3
W 2. (50)
Now, we take the two Eqs. (48) to decouple the derivates
of fields φ′ and χ′; we get
φ′ =
1
21/3
Wφ(
W 2φ +W
2
χ
)1/3 , (51a)
χ′ =
1
21/3
Wχ(
W 2φ +W
2
χ
)1/3 . (51b)
We see that the set of constant and uniform solutions can
be found taking Wφ = 0 and Wχ = 0. Note that these
solutions identify the local minima of the potential, and
they make the potential vanish in Minkowski space, or
be a negative constant in anti-de Sitter space.
The warp function A(y) can be expressed as a function
of the fields φ and χ; using (15) we get
WφAφ +WχAχ = −2
1/3
3
W
(
W 2φ +W
2
χ
)1/3
. (52)
We can also use Eqs. (51) to get
dφ
dχ
=
Wφ
Wχ
. (53)
Solutions of this equation are orbits in the plane (φ, χ).
To show how to solve this problem, let us consider the
specific model
W (φ, χ) = 2φ− 2
3
φ3 − 2rφχ2. (54)
This model was studied in several works, see e.,g.,
Ref. [22]. In the present investigation, the potential has
the form
V (φ, χ) =
3
4
[
(1− φ2 − rχ2)2 + (2rφχ)2] 23 −
− 4
3
(
φ− 1
3
φ3 − rφχ2
)2
. (55)
The Eqs. (51) can be written as
φ′ =
1− φ2 − rχ2
[(1− φ2 − rχ2)2 + (2rφχ)2]1/3
. (56a)
χ′ = − 2rφχ
[(1 − φ2 − rχ2)2 + (2rφχ)2]1/3
. (56b)
There are four homogeneous solutions, for r > 0: v1 =
(−1, 0), v2 = (0, 1/
√
r), v3 = (1, 0) and v4 = (0,−1/
√
r).
Note that V (v2) = V (v4) = 0, V (v1) = V (v3) = −4/27.
We use (53) to get
dφ
dχ
= −1− φ
2 − rχ2
2rφχ
.
7We use this equation to obtain the orbit
φ2 = 1 +
r
2r − 1χ
2 + cχ
1
r , (57)
where c is a real constant and r 6= 1/2. Each orbit leads
to a couple of solutions φ(y) and χ(y); consequently, a
different A(y) is obtained case by case.
To illustrate, let us study two distinct cases, describing
two distinct orbits. Both orbits connect the two minima
v1 to v3. Firstly, we get the orbit given by the straight
line obtained by the condition χ = 0. In this case, the
equation (56a) is written as
φ′ = (1− φ2)1/3, (58)
and according to [23] has the folowing solution
φ(y) =
{
sgn(y) for |y| > Ls,
φs(y) for |y| ≤ Ls,
(59)
where φs(y) is the solution of the transcendental equation
φs(y) 2F1
[
1
3
,
1
2
;
3
2
;φs(y)
2
]
= y, (60)
and Ls = 3
3
2 2−
5
3Γ3(2/3)pi−1 ≃ 1.293. Using the Eq.
(52), we write the warp factor as
As(y) =

−
4
9
|y|+ 2
5
+
4
9
Ls for |y| > Ls,
A(φs(y)) for |y| ≤ Ls,
(61)
where
A(φs) =
1
15
(
1− φ2s
)2/3 (
6− φ2s
)
+
2
5
, (62)
with φs(y) being a solution of Eq. (60).
The second orbit is elliptical and can be obtained if we
make c = 0 in (57). In this case we obtain
χ2 =
(
1
r
− 2
)
(1− φ2), (63)
for 0 < r < 1/2. Substituting this orbit into Eq. (56a),
we get
φ′ =
[2r(1 − φ2)]2/3
[2r − 2(3r − 1)φ2]1/3
. (64)
The solution depends on r. For simplicity, we choose
the case r = 1/3, and now the above equation becomes
φ′ = (2/3)1/3(1− φ2)2/3. (65)
We obtain the solution as
φ(y) =
{
sgn(y) for |y| > Le,
φe(y) for |y| ≤ Le,
(66)
where φe is the solution of the transcendental equation
φe(y) 2F1
[
1
2
,
2
3
;
3
2
;φe(y)
2
]
=(2/3)1/3y, (67)
and Le = 3
− 23 2
1
3 pi2Γ−3(2/3) ≃ 4.815. Using the Eq.
(52), we write the warp factor as
Ae(y) =

−
8
9
|y|+ 1
2
1
3 3
2
3
− 8
9
Le for |y| > Le,
A(φe(y)) for |y| ≤ Le,
(68)
where
A(φe) = (4/9)
1/3
[
(1− φ2e)1/3 − 1
]
, (69)
with φe(y) is solution of Eq. (67).
The profile of the solutions φ(y) and χ(y) is shown in
Fig. 7. They are compact solutions for both the straight
and elliptical orbits. For these solutions, the thickness is
well defined, giving by Ls and Le. We note that Le/Ls ≃
1.861.
FIG. 7: Profile of the solutions φ(y) and χ(y) that obey
Eqs. (51), in the case of the straight line orbit (solid lines)
and the elliptical orbit (dashed lines). Both solutions are
compact, and in the figure the shadow portions represent re-
gions where the fields are not constant, for |y| < Ls and for
|y| < Le, respectively.
In the absence of gravity, in the standard case, the
solutions for the two distinct orbits are
φ(y) = tanh(y) and χ(x) = 0,
φ(y) = tanh(2ry) and χ(x) =
√
1− 2r
r
sech(2ry),
respectively. Here, the ratio between the thickness of the
two solutions is 1/2r, and for r = 1/3, it gives 1.5. In
the Fig. 8, we plot the profile of the warp factor for the
two solutions, obeying the straight and elliptical orbits.
IV. STABILITY
The present study is of direct interest to high energy
physics, but it is important to know if the modifications
8FIG. 8: Profile of the warp factor in the case of the straight
line orbit (solid lines) and the elliptical orbit (dashed lines).
The shadow regions indicates where the scalar fields are not
constant.
introduced in the scalar field sector contribute to desta-
bilize the geometric degrees of freedom of the braneworld
model. To investigate this issue, let us study linear sta-
bility in the usual way. We consider perturbations in the
form
gab = gab + piab(y, x). (70)
The perturbation piab obeys the restriction piµ4(y, x) = 0.
Also, we have to have piab = −gampimngnb. We rewrite
piµν(y, x) as piµν(y, x) = e
2A(y)hµν(y, x), and now the per-
turbed line element has the form
ds2 = e2A(y)(ηµν + hµν(y, x))dx
µdxν − dy2. (71)
We must also consider fluctuations on the set of scalar
fields
φi = φi(y) + ξi(y, x). (72)
The first-order contribution to the fluctuations of the
term Xij is written as
X
(1)
ij =
1
2
(∇aφi∇aξj+∇aξi∇aφj+piab∇aφi∇bφj) .
(73)
Also, the first-order contribution of the Einstein equa-
tions in Ricci tensor appears as Rab = 2T¯ab, with T¯ab =
Tab − 13gabT cc, and
T¯ (1)µν =
2
3
e2Aηµν
[
−Xij
(LXijφkξk − LXijXklφ′kξ′l) ,
+Lφkξk
]
− 2
3
e2Ahµν
(
XijLXij − L
)
, (74a)
T¯
(1)
µ4 = φ
′
jLXij∇µξi, (74b)
T¯
(1)
44 = −
2
3
(
2XijLXijφk + Lφk
)
ξk +
2
3
(
2XijLXijXkl + 3LXkl
)
φ′kξ
′
l, (74c)
where ηαβ is the metric on the Minkowski space.
Thus, Einstein’s equation can be written in compo-
nents. The {µ, ν}-component becomes:
e2A
(
1
2
∂2y + 2A
′∂y
)
hµν +
1
2
ηµνe
2AA′∂y
(
ηαβhαβ
)
(75a)
−1
2
ηαβ (∂α∂βhµν − ∂µ∂νhαβ + ∂µ∂αhνβ + ∂ν∂αhµβ)
=
4
3
e2Aηµν
[−Xij (LXijφkξk − LXijXklφ′kξ′l)+ Lφkξk] ;
the {µ, 4}-component is
1
2
ηνσ∂y (∂νhσµ − ∂µhνσ) = 2φ′jLXij∇µξi; (75b)
and finally the {4, 4}-component has the form
−1
2
(
∂2y + 2A
′∂y
)
(ηαβhαβ) =
−4
3
(
2XijLXijφk + Lφk
)
ξk +
+
4
3
(
2XijLXijXkl + 3LXkl
)
φ′kξ
′
l . (75c)
The equation of motion for the scalar field gives
LXij e−2Aξj −
[(
2XkjLXijXkl + LXil
)
ξ′l
]′
−4A′ (2XkjLXijXkl + LXil) ξ′l
−
[
4LXijφkφ′jA′ +
(LXijφkφ′j)′ + Lφiφk] ξk
+
(LφiXjk − LφkXij )φ′jξ′k
=
1
2
LXijφ′jηαβh′αβ. (76)
Let us now consider the transverse traceless compo-
nents for metric fluctuations
hµν =
(
1
2
(τµατνβ + τµβτνα)− 1
3
τµνταβ
)
hαβ , (77)
where τµν ≡ hµν−∂µ∂ν/. We note that the net effect of
this projection operation is to decouple the metric fluc-
tuation equation from the scalar field equation, even in
the general case which is being considered in the present
work. As a matter of fact, we can check that(
∂2y + 4A
′∂y − e−2A
)
hµν = 0. (78)
The next steps follow the standard procedure: we chance
the y-coordinate for a z-coordinate, in order to make the
metric conformally flat, with dz = e−A(y)dy. This allows
changing the Eq. (71) to
ds2 = e2A(z)
[
(ηµν + hµν(z, x))dx
µdxν − dz2] , (79)
and now we can rewrite the Eq. (78) as(−∂2z − 3Az∂z +)hµν = 0. In order to remove
the first derivative in this equation, we redefine
the gravitational field hµν in the following way:
9hµν(x, z) ≡ e−3A(z)/2Hµν(x, z). This transforms the
equation to (−∂2z + U(z) +)Hµν = 0, (80)
where
U(z) =
9
4
A2z +
3
2
Azz . (81)
We can make the following separation of variables:
Hµν(x, z) = Ψ(x)H˜µν(z), where Ψ(x) obeys the plane
wave equation Ψ(x) = −p2Ψ(x). Thus, the above
Eq.(80) changes to(−∂2z + U(z))Hµν = p2Hµν (82)
Note that we can rewrite this equation as
Q†QHµν=
[(
∂z +
3
2
Az
)(
−∂z + 3
2
Az
)]
Hµν = p
2Hµν
This factorization directly shows that there are no gravi-
ton bound states with negative mass. The graviton zero
mode H(z) ∝ e 32A(z) is the ground-state of the associated
quantum mechanical problem. This leads to the impor-
tant conclusion that the modification appearing from the
N scalar fields dynamics does not contribute to destabi-
lize the geometric degrees of freedom which appears in
the standard braneworld scenario. Thus, the proposed
modification is robust.
For example, we plot the Schroedinger-like potentials
for the models given byW functions (29) and (41), for the
standard kink (Fig. 9) and compact solutions (Fig. 10),
respectively. We make the transformations of the vari-
ables y to z which depends on the warp functions A(y). In
both cases, all potentials are vulcano-like, with their vi-
brational modes being asymptotically plane waves, with
k2 > 0. We note that the height of the maxima of the
quantum-mechanical potential decreases for increasing n.
FIG. 9: Profile of the Schroedinger-like potential for the
model given by W as in (29). The solid line refer n = 1
while, the dashed lines refer to n = 2, 3, ..., 8.
FIG. 10: Profile of the Schroedinger-like potentials for the
model given byW as in (41). The solid line refer n = 1, while
the dashed lines refer to n = 2, 3, ..., 8.
V. CONCLUSIONS
In this work we studied models described by N real
scalar fields, coupled to gravity in the brane scenario,
with a single extra dimension of infinite extent. The main
novelty of the investigation concerns the nonstandard dy-
namics that drives the scalar fields, and the focus on the
construction of the model from the defect structure that
solves the the first-order equations associated to the set of
scalar fields. We illustrated the general results with sev-
eral examples described by one and by two scalar fields,
for several distinct generalized dynamics, governed by the
integer n, as in Eq. (23) and in Eqs. (46) and (47).
In the case of a single field, we also considered an in-
teresting case, where we constructed the very same warp
factor, using two distinct models, supporting distinct de-
fect structures.
In order to complete the investigation, we studied sta-
bility in the standard sense, introducing fluctuations in
both the scalar fields and in the metric. We used ex-
plicit results to show that the fluctuations decouple, even
though we are working in a more general scenario, where
the dynamics of the scalar fields is changed to allow for
higher order terms in the derivative of the fields. In par-
ticular, we depicted the quantum mechanical potential
associated to the fluctuations in the metric, in the case
of two distinct situations, described by (29) and by (41),
for several values on n. The results show that fluctua-
tions in the metric follow the standard scenario, despite
the generalized dynamics engendered by the scalar fields.
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